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Abstract
Many institutions have embraced a standard format for the Calculus sequence, comprising three
four-credit courses covering a fairly consistent set of topics. While there is much to recommend
this approach, it still leaves some fantastic concepts rushed or untouched, and it can be argued that it
demands too much of students with weaker backgrounds. As such, some schools have experimented
with variations on the standard format. This paper will present a model currently used at Eastern
University, exploring the strengths and weaknesses of this particular approach. It will also suggest
ideas, developed in conversation with other ACMS members, for how different approaches might
be explored in a comparative study.

1

The Standard Calculus Sequence

Anyone who has spent time in a collegiate mathematics context is familiar with the standard calculus
sequence. Nearly every college and university requires their mathematics students to take at least three
semesters of calculus, and a wide array of other majors require some portion of the calculus sequence.
These courses cover a common list of topics, though there may be some differences with regard to the
number of credits awarded, the inclusion of technology, or the instructional techniques.

Calculus I:
Limits
Derivatives
Applications
Integrals

Calculus II:
Integration Techniques
Applications
Differential Equations
Sequences and Series

Calculus III:
Vectors
Partial Derivatives
Multiple Integrals
Vector Calculus

Historically, the standard sequence traces back to the 1960’s and 1970’s. In an engaging retrospective
written for the Mathematical Association of America (MAA), Alan Tucker traces out the development
of the mathematics major in America over the past century or so, to include the development of the
modern calculus sequence [10]. In the early 20th century, calculus often served as more of a pinnacle
of undergraduate mathematics, rather than the entry way that it is today. The significant contributions
that mathematicians made to the Allied war effort helped to increase demand for advanced mathematics
after World War II. In the 1950’s, physicists began to regularly use calculus in introductory engineering
courses, prompting a widespread adoption of a year-long calculus sequence for engineering and science
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freshmen. Throughout the next two decades, the MAA-sponsored Committee on the Undergraduate
Program in Mathematics (CUPM) developed a variety of curricular recommendations (see, for example,
[3], resulting in a common mathematics major - and calculus sequence - by the mid 1970’s.
Despite its entrenched status, however, the standard calculus sequence is not free of recognized flaws. As
some portion of the sequence has come to be a prerequisite to most of the sciences, calculus too often
serves to filter out students who would otherwise be interested in science. Further, many professors
can attest to the fact that even passing students too often scrape by with a superficial and formulaic
understanding of the subject. By the late 1980’s, a variety of reformation efforts were beginning to take
shape with the goal of making calculus ”a pump, not a filter” (see, for example, [2] or [9]). The MAA,
along with many others, has continued this work, producing a wealth of research and resources (see,
most recently, [1]). Most of these efforts, however, have focused on the first year of calculus.
That said, there have been some efforts that have looked at the sequence as a whole. Indeed, a number
of schools have questioned whether the standard order of topics serves students effectively, particularly
students in the sciences. In particular, students in a number of other disciplines do need to have some
familiarity with the basics of multivariable calculus, but few students outside of the mathematics major
have need of sequences and series. Therefore, a number of schools have been exploring a re-sequencing
which moves the basics of vectors and partial differentiation into the second semester, while reserving
sequences and series for the third semester (see [7], [4], or get in touch with colleagues at Gordon
College, who have been running this sequence for some time). A recent project, Resequencing Calculus
(www.resequencingcalculus.com), received significant NSF funding for exploring this approach, and
the project will include the publication of a new textbook reflecting this resequencing.
In the 2015 CUPM curriculum guide ( [8], see the section on the Calculus Sequence), another weakness
of the standard sequence is identified. Far too often, the third semester of the sequence attempts to shoehorn a wealth of Vector Calculus into the last few weeks of the semester. This leads to an abbreviated
and unsatisfactory treatment of such beautiful topics as Green’s, Gauss’, and Stokes’ theorems. The
CUPM guide notes that some colleges have sought to address this problem by adding another course to
the calculus sequence, but articles exploring this approach are not easily found. We shall now turn our
attention to such an exploration.

2

Overview of Eastern’s Approach

Eastern University is a small liberal arts school in the suburbs of Philadelphia. Our mathematics department has three full-time faculty, with an average of about 25 majors (about 6-7 graduating per year).
The mathematics department has a partnership with Villanova University, whereby students can take engineering courses during their undergraduate career, allowing them to earn a BA in Mathematics from
Eastern and an MS in Engineering from Villanova in a total of approximately 5 years.
For the past 15 years or so, Eastern has run a modified calculus sequence, consisting of four three-credit
courses. Having only three credit hours per semester has limited the scope of the first two semesters
somewhat. The first semester does not cover some common topics such as the Mean Value Theorem
or the Intermediate Value Theorem, while other topics are covered only minimally and from a computational perspective; the second semester omits any treatment of differential equations or parametric
equations, and the applications of integration are limited to the computation of area, volume, and arc
length. The third semester then covers vectors, parametric equations, partial differentiation, and multiple
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integrals (to include an introduction to polar coordinates).

Calculus I:
Limits
Derivatives
Applications
Integrals

Calculus II:
Integration Techniques
Applications
Sequences and Series

Calculus III:
Vectors
Parametric Equations
Partial Derivatives
Multiple Integrals

Advanced Calculus:
Generalized Derivative
Change of Variables
Vector Calculus

Where Eastern’s approach most significantly deviates from the standard sequence, however, is the addition of a fourth semester, which we call Advanced Calculus. Most students take the course in their fourth
semester, having by then completed the rest of the calculus sequence, Linear Algebra, and Discrete Math
(which serves as a Transitions style class, introducing students to proofs). Thus, Advanced Calculus is
partly a capstone on the first two years of collegiate mathematics. In this capacity, we intentionally
revisit material from the previous courses, working to deepen students’ conceptual understanding. As
such, the course also serves as an additional bridge to upper level courses.
The full Calculus sequence is required of all math majors (to include students in the pre-engineering
track), and students from a variety of majors regularly take between one and three semesters. The Advanced Calculus course is rarely taken by non-mathematics majors. It is offered every spring semester,
and students regularly take it immediately following Calculus III. As such, the population is generally
freshmen and sophomores (determined by how much credit students transfer in from the AP exam or
elsewhere).
With regard to texts, Eastern uses Anton, Bivens, and Davis’ Calculus book for the first three semesters.
The Advanced Calculus course has experimented with a variety of texts, but has settled on using Marsden and Trombda’s Vector Calculus. While no text is ever perfect (in particular, students have found
a number of errors, and there does not seem to be a collection of errata for the sixth edition), we have
not found any other resource that gives a sufficiently nuanced treatment of the material while remaining
accessible to students.
Finally, with the limited number of credit hours in the first year of the sequence, we generally do not
attempt to integrate technology beyond graphing calculators. That said, we do have a limited number
of Mathematica licenses available to students, and we are glad to direct students to options such as
Wolfram Alpha, Sage, or Geogebra (the later two of which are free and open source).

3

Eastern’s Advanced Calculus Course

Before turning to an analysis of the strengths and weaknesses of this model, we will explore in more
detail the content covered in Eastern’s Advanced Calculus course. While there are some minor variations
depending on who is teaching, it is more or less possible to break the course into five units, each of
which review some material from previous courses and then generalize the material to new contexts.
As we will see in the following exploration, a provocative question or example is used to introduce and
motivate each unit.
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3.1

Limits and Continuity

Due to the time constraints in Calculus I, there is little attempt made to develop more than an intuitive
and computational understanding of limits and continuity. In the first unit, we recall that understanding,
and an example such as the characteristic function on the rationals is used to demonstrate the need for
a more nuanced definition. Students are introduced to basic topological concepts for Euclidean space
(open and closed sets and boundary points), and rigorous definitions are given for limits and continuity.
Computationally, students learn to show that limits do not exist by using different paths, and we consider
various strategies for proving that functions are continuous (to include using polar coordinates and an
opportunity to generalize power series in some of the more advanced homework problems).

3.2

Differentiation

In talking about differentiation, we review the definitions of derivatives and partial derivatives (which
students rarely seem to remember), recalling that differentiability implies continuity. We then use the
definitions to compute the partial derivatives of a function such as the following:
(
xy
(x, y) 6= (0, 0)
2 +y 2
x
f (x, y) =
.
0
(x, y) = (0, 0)
Using material from the first unit, we observe that the function is not continuous at the origin, which
calls for a more nuanced understanding of differentiability. Rearranging and generalizing the definition
of the derivative, we are able to define a function f : Rn → Rm to be differentiable at ~x0 ∈ Rn if

kf (~x) − f (~x0 ) + Df (~x0 ) · (~x − x~0 ) k
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~
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This approach emphasizes that differentiability is about the existence of a good linear approximation,
and leads us to a generalized derivative. As we go through the process of generalizing the Calculus I
derivative, we deduce that the derivative of our arbitrary function f : Rn → Rm must be the m × n
matrix of partial derivatives:
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The generalized derivative thus calls us to review material from Linear Algebra regarding matrix operations and linear transformations. By the end of the unit, we see that the generalized derivative allows us
to simply generalize the chain rule without the need for the tree diagrams used in many of the standard
calculus texts: D(f ◦ g)(~x0 ) = Df (g(~x0 )) · Dg(~x0 ) (where the operation is matrix multiplication).
3.3

Implicit Function Theorem

Our third unit generalizes implicit differentiation, another topic that students either do not remember or
understand only computationally, to the context of arbitrary functions on Euclidean space. As part of the
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generalization, we introduce the language of Jacobians and review the computation of the determinant.
However, what really distinguishes this unit from the previous is an application of the mathematics. A
1998 article in Siam Review [6] provides a very readable description of the mathematics behind global
positioning systems, showing how the generalized implicit function theorem determines the precision
needed in the clocks used by the system. Thus, the question of how GPS works motivates the unit, and
students are ultimately able to read the article for themselves. By the end of the unit, students also look
at the Inverse Function Theorem as a specialization of the Implicit Function Theorem, leading them to
review the computation of inverse matrices from Linear Algebra.

3.4

Change of Variables

Having generalized limits and derivatives to a broader context, the remaining units turn to integration.
As noted previously, the first three courses in our calculus sequence do not touch much on other coordinate systems (polar coordinates are introduced at the end of Calculus III to aid in computing multiple
integrals). Thus, after a brief review of polar coordinates, we ask students to consider how the change
of coordinates relates to the technique of substitution learned in Calculus I. This leads us into studying
change of variables in general, as well as cylindrical and spherical coordinates in particular.

3.5

Vector Calculus

The final unit of the course, and by far the most substantial, deals with Vector Calculus. Comprising
7 weeks of the 16 week semester, one goal of the unit is to avoid cramming the beautiful theorems of
vector calculus (Green’s, Gauss’, Stokes’) into the final week or two of class. We begin with computing
line and surface integrals (taking pains to explain the concepts behind these computations and potential
applications). Before moving on to the theorems, however, we introduce students to the language of
differential forms (helpfully, the Marsden and Tromba text includes a section that introduces forms and
basic operations on forms). We are then able to state the generalized Fundamental Theorem of Calculus,
and introduce each of the theorems of Vector Calculus as a specification of this central theorem.

4

Strengths and Weaknesses

Having explored the content of Eastern’s Calculus sequence, we now turn to a comparative analysis. Perhaps the most obvious advantage, especially in light of the overview of the Advanced Calculus course, is
the opportunity to cover a number of interesting topics that are not touched by the standard sequence. In
particular, informal feedback from conference talks seems to indicate that many undergraduate students
never encounter the derivative as a matrix, the generalized implicit function theorem, or differential
forms. However, Eastern students generally respond well to these topics, particularly appreciating the
application of the implicit function theorem to GPS systems and the beauty of the Fundamental Theorem
as it is interpreted in different contexts (under the standard sequence, it seems to be much more difficult
for students to grasp the relationship between these theorems). Additionally, students participating in
Eastern’s engineering partnership with Villanova tend to benefit from the additional time spent covering
line integrals, surface integrals, and the Vector Calculus theorems.
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Moving beyond the Calculus sequence itself, Eastern’s Advanced Calculus course is also able to connect
in meaningful ways to core concepts from other courses. The treatment of the derivative makes use of
matrices and matrix operations, as well as linear transformations. Likewise, the unit on change of
variables deals with transformations, recalling the language of bijections from Discrete Math (again,
this serves as a Transitions style course at Eastern). Throughout the course, an emphasis on precise
definition and proof also connects to the work done in Discrete Math. In addition to reviewing old
material, the course also looks ahead, explicitly preparing students for material they will see again in
courses such as Real Analysis and Topology. Thus, this approach provides valuable opportunities to
emphasize the unity of mathematics across the artificial boundaries of courses.
A final strength of this model is that it allows some tinkering with the standard sequence without causing
too many extra complications. A more involved resequencing, such as that described in section 1, will
necessarily complicate the awarding of credit to students who have scored well on the BC version of
the AP Calculus exam (this exam covers all of the topics from the first two semesters in the standard
sequence). Such a dramatic change also complicates the situation for students transferring in or out of
the institution. In Eastern’s model, we are able to award credit for the first two semesters to students
scoring well on the AP exam. Meanwhile, transfer students who have completed the full standard
sequence can be awarded credit for Calculus I-III; they still are required to take Advanced Calculus, but
it covers enough new and unusual material to make it worthwhile. Thus, Eastern’s model is a robust,
credit-neutral way of exploring alternatives to the standard sequence.
While there is much to recommend Eastern’s model, some challenges and weaknesses should also be
apparent. The restructuring into four three-credit courses leaves less time in Calculus I and II, while
still requiring students from other majors to sit through several weeks dealing with sequences and series. However, while a more radical restructuring may better serve non-mathematics majors, Eastern’s
approach does provide them with a more computational focus (again, leaving the deeper conceptual
work until later in the sequence). The shortened time-frame in the first year also precludes the integration of a technological component to the course (and while we do provide both Mathematica licenses
and open source options to students, few take advantage of the opportunity). As discussed in Section
2, the Advanced Calculus course also requires an additional text, which increases the financial burden
on students. Finally, with regard to the content of the Advanced Calculus class, the use of differential
forms in connecting the theorems of Vector Calculus leaves little or no time for covering proofs of these
theorems. Instead, students are asked to trust that this is a valid generalization of the Fundamental Theorem. All in all, we have found that these challenges are easily surmountable, but they could prove more
problematic for others.

5

Future Study

As noted in Section 1, there is a good deal of literature dealing with dramatic restructurings (those
that include multivariable calculus in the second semester while saving sequences and series until the
third semester). However, explorations of other variations are harder to find, as are comparative studies.
In closing, we will explore what such a study might look like. (Note: these ideas were developed in
conversation with Dave Klanderman and Amanda Harsy at the 2015 ACMS conference.) Should others
be interested in a study, we propose measuring overall student outcomes by administering some shared
assessments throughout the Calculus sequence. Further, by tracking the assessment data by student
throughout the sequence, we can investigate whether one approach or another better fosters student
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improvement. Finally, we propose also measuring student attitudes toward the material by using an
attitudinal assessment at several points throughout the sequence. Thus, we close with an invitation
for further conversation and collaboration. If your institution has explored variations on the standard
sequence, or if you are interested in working to develop a comparative study, please contact the author.

References
[1] Bressoud, David, Vilma Mesa, and Chris Rasmussen, Editors. Insights and Recommendations from
the MAA National Study of College Calculus. MAA Press, 2015. www.maa.org/programs/
faculty-and-departments/curriculum-development-resources/
national-studies-college-calculus
[2] Douglas, Ronald G. Toward a Lean and Lively Calculus. Washington, D.C.: MAA, 1986.
[3] Duren, W.L. Jr., Chair. 1965. A General Curriculum in Mathematics for Colleges. Berkeley, CA:
CUPM.
www.maa.org/sites/default/files/pdf/CUPM/pdf/CUPM_Report_
1965.pdf
[4] George, C. Yousuf, Matt Koetz and Heather A. Lewis, “Improving Calculus II and III Through the
Redistribution of Topics”, PRIMUS, vol. 26, no.3, 2016, pp. 241-249.
[5] Marsden, Jerrold E. and Anthony Tromba, Vector Calculus. 6th edition., W.H. Freeman & Company, 2011.
[6] Nord, Gail and David Jabon and John Nord. “The Global Positioning System and the Implicit
Function Theorem”, Siam Review, vol. 40, no. 3, 1998, pp. 692-696.
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